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THE LEVI-LAX CONDITION
FOR PARTIAL DIFFERENTIAL EQUATIONS
WITH REAL CHARACTERISTICS
OF CONSTANT MULTIPLICITY

BY
MARVIN ZEMAN

ABSTRACT

The object of this paper is to show that the Levi-Lax condition is necessary and
sufficient for the Cauchy problem to be well-posed.

Introduction

We deal in this paper with conditions on partial differential equations with
characteristics of constant multiplicity under which the Cauchy problem is well
posed. P.D. Lax [9] and S. Mizohata [12] showed that the Cauchy problem
cannot be well-posed unless the characteristics are all real. If, in addition, these
roots are simple (their multiplicity is one), the well-posedness of the Cauchy
problem was proved by [.G. Petrowsky [15], J. Leray [10] and L. Gérding [3].
For equations in two independent variables having characteristics of multiplicity
higher than one, the Cauchy problem was proved to be well-posed under a
condition on the lower-order terms by E.E. Levi [11] and A. Lax [8]. This
condition has come to be known as the Levi~Lax condition. It was extended for
equations having several independent variables, but whose characteristics are of
multiplicity at most two, by M. Yamaguti [18]. Later, S. Mizohata and and Y.
Ohya [13], [14] formulated an alternative condition similar in form to the
Levi-Lax condition (also for several variables and multiplicity at most two) and
showed the condition to be necessary as well as sufficient in their restricted case.
H. Flaschka and G. Strang {2] formulated still another condition without any
restrictions on the size of the multiplicity or the number of variables and showed
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it to be necessary. J. Chazarain [1] then showed that the Flaschka-Strang form of
the condition was sufficient as well.

In this paper we will give first a new proof of the theorem proved originally by
Petrowsky for what are now called strictly hyperbolic operators. Next, we will
extend and prove sufficient the Levi-Lax condition for equations unrestricted
either in the number of independent variables or in the size of the multiplicity of
the characteristics. In doing so, we will show how Hérmander’s domination
relation (namely that P, the operator under consideration, is weaker than P, its
principal part: see L. Hormander [4]) extends for operators having variable
coefficients. We will also formulate an extension of the Mizohata—Ohya condi-
tion to equations having characteristics of arbitrary multiplicity. We will then
show the equivalence of all of these conditions (the Levi-Lax condition, the
generalized Mizohata-Ohya condition and the Flaschka-Strang condition), thus
proving, among other things, that the Levi-Lax condition is necessary as well as
sufficient in order for the Cauchy problem to be well-posed.

1. Statement of problem and notation
First, recall the problem. Let
P(x,t,D,,D,)= P.(x,t,D,,D,)+ Pp.s(x,t,D,, D.) + - - -

be a linear partial differential operator of order m and the P, are homogeneous
of order i in (x,1):x = (xi,* -, x.) ER" t ER".

Let P, (x,t,& 1) be the leading symbol of P where £ = (&,,--+, &) ER" and
T ER.

Assume the hyperplane ¢ = 0 is non-characteristic at the origin with respect to
P;i.e., P,(0,0,0,1) # 0. The Cauchy problem is to find a solution v of Pv = f in
a neighborhood of the origin with given (say homogeneous) Cauchy data on the
plane

{=0:Dl;vl,=o=0’ j:O,-..,m_l_

The Cauchy problem is said to be well-posed (in the sense of Hadamard) if a
solution exists, is unique, and depends smoothly on the initial data and the
function f.

DEerFINITION.  We will call an operator P hyperbolic if its associated C~
Cauchy problem is well-posed.

Since ¢ = 0 is non-characteristic at the origin with respect to P we may assume
that the coefficient of D7 in P, is 1.
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For an n-tuple a = (a, - - -, @.) of non-negative integers, we write
la|=a;+ +ay,

x'x:x‘;l.--x:n

k4

(o 2
9 = (axl’ > 9%, )’ I at’
Dx"%ax, Dr=%a:

L7 denotes the class of homogeneous pseudo-differential operators of order vy in
the x-variables and S7 is its corresponding symbol space. See J.J. Kohn and L.
Nirenberg [7] for more details. L], is the class of homogeneous operators
differential in ¢t and pseudo-differential in x of order y in (x,t). $7,is its symbol
space. (u, v) is the L, scalar product of # and v with respect to the x-variables.
|ull is the corresponding L, norm of u. H, is the Hilbert space with norm
|u(-,¢)|, defined by

lule= [ (a+1€py ae)Pde

where i is the Fourier transform of u(x,t) with respect to the x-variable;
[A,B]= AB — BA.

Finally, C will be used to denote any constant and may be varied from line to
line.

2. Conditions and statements of theorems
The first condition restricts the type of characteristics we may allow.

ProposiTion 2.1. (P.D. Lax [9], S. Mizohata [12]). Let t=0 be non-
characteristic with respect to the operator P. If the Cauchy problem is well-posed,
then the roots 7 of P.(x,t,£,7)=0 are all real.

Proor. See V. Ya. Ivrii and V. M. Petkov [6] or L. Hormander [5] for a
particularly simple proof.

If the characteristics of P are, in addition, simple (the multiplicity is one) the
Cauchy problem is well-posed.
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THEOREM 1 (I. G. Petrowsky [15]). Suppose t = 0 is non-characteristic at the
origin with respect to P. Suppose the characteristics are simple and real. Then the
Cauchy problem is well-posed.

We will give a new proof of Theorem 1 later. It will become useful in proving
results for equations with characteristics having multiplicities of higher order.

Among partial differential equations with characteristics of higher multiplic-
ity, we will consider only those for which the multiplicity is constant. This means
that if 7, and 7, are distinct zeros of P, (x,,£,7)=0on|&|=1,then |7, —7:|Z ¢
where ¢ is a fixed positive number independent of x, ¢t and ¢£.

ReMARK. Results for equations whose characteristics have variable multiplic-
ity have been given by Hormander [5], Ivrii and Petkov [6] and Zeman [19].

If P has characteristics of constant multiplicity, we can write P, (x, ¢ ¢ 7) in
the form

P.(xt&71)= H (T=-A(x68),  AxLEES)

where |Ai(x, 4, €)= A (x, 1, €)= ¢ for (x,1)EQ and |£]|=1, and where Q=
{(x,0): |x|=F 0=t =T}
Let 3, = D, — Ai(x, t, D, ), where

nf2
A(x 6 D) u(x, 1) = (%) f €50, (x, , ) (& 1)dE.

Suppose P,, is the leading part of I, =1I7., 3;". Rewrite P = P, + P,,_,+ -+ as
follows: P=1I1,, + P, + P, ,+---, where P,._; is an operator of order m —j
(not necessarily homogeneous). We will now state the condition on the lower
order terms P,_; which will turn out to be both necessary and sufficient for
hyperbolicity.

Condition (L)

P. (x,t, D, D)= M,(x,t,D, D,)IE[ A =12, r—1,
i=1

for some M; €LY, where (j)=m —j—2¢,[r—j], and where [r—j]=
max {r. — j,0} - r = max r.

REMARK 1. Atthe points 7 = A;(x, £, £), r; = 2, Pa_i(x, 1, £, 7) is equal to the
subprincipal symbol of P given by
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s S 4 9 Jd 3a
P67 = Pali 6= 5 {3 50 Pt P,
which is invariant at these points.

ReMARK 2. We shall now describe a way to determine whether an operator
P satisfies condition (L). Let P = P, + P,..,+ P._;+ - -. Replacing P, by Il.
we introduce an error term which we have to account for. Hence P =
i, +(P,.~-MN,+P.;)+---. Let

Pm_l(x’ t’ D‘“ D‘) = P’" (x7 t? Dm Dl) - Hm + Pm—](x7 t) ny Dt).
If condition (L) is satisfied, we can factor P,._,(x, 1, £, 7), the principal symbol of
P,._,, as follows:
Pt 6 7) = Mi(x, 6,61 L] (7= A (5,1, €))7
i=1

Finally,
4
P, u(x,t,D,, D)= Mi(x,t,D,, D)) [[ (D, — Ai (x, £, D))" 7"
i=1

More generally,
P.;(x,t,D,D)=(Pn ;- Plhr+ Pn;)(x,t,D,, D).

If condition (L) is satisfied we can factor P,._;(x, 1, £ 7), the principal symbol of
P.._;, as follows:

Pm—j(x, L& 71)=M(xt¢& T)I_E[ (r = Ax, t, §))lri~il'
Then

P,_(x,t,D., D)= Mt D,,D,) ﬁ (D, — Ai(x, 1, D)),
i=1

If the above operation fails at any step, then condition (L) is not satisfied.

For partial differential equations having multiple characteristics, we have the
following theorem:

THEOREM 2. Suppose t = 0 is non-characteristic at the origin with respect to P
(as described above). Then the Cauchy problem for operator P is well-posed if and
only if condition (L) holds.

Remark. Condition (L) was first formulated by E. E. Levi [11] and then
rediscovered by A. Lax [8]. Both dealt with equations in two independent
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variables. In that case A;(x, t, D;) = f(x, t)D, for some real smooth function f.
Similarly M;(x,t, D,,D,) is some partial differential operator in x and ¢
Otherwise condition (L) as given here is precisely the same as that of A. Lax.

3. Technical lemmas
Before we prove Theorems 1 and 2, we need some preliminary lemmas.

LemMa 3.1. Ifs=0971872--- 97 is of order m (i.e. Zi.ymi=m) and§isa
permutation of s, then

§— 8= hni(x,t, D, D)+ hpo(x,8, D, D)+ -+ -,

where h,._;(x,t, D,, D,) satisfies condition (L) (by which we mean that it is of the
same form as P,_; in condition (L)).

Proor. It suffices to carry out the proof for the special permutation
S=OT AT G0 A,
HE FERRY: LU W ¥ SRR R
s—§=097---3m'[d, 8] dx
Now [3;, 8] = bi(x,t, D)+ Ny, where b € L} and N, € L}. Hence,
S—§=gm---dm T p ot A AT DTN AT - 9
We will now show this is equal to
o=bar--- Mt am T AP+ T,

where T represents the lower order terms, all of the same form as h,,—;.
Now [d,, bi] = b, + N, where b, € L; and N, € L. Hence,

s—§= a;"x- .o a:"l_zbl aia;";"l.. . a'k"k+ a;"x. . .a:"i"zbz a;"i_l . .a;‘"k
+a;"1.. .a:"i“‘Nla,’,"/‘l.. .a;:'k+ a;"l . a;":_zNzal’_"/—l.. a:‘k

These terms are of the same form as before except that the first term b, has
moved leftward and the second and fourth terms contain one less 4; than s — §
did before, and so after a number of steps it is clear that

§s—§= b]a;"l. . a;"l_la;"j_l.- a;‘"k+ Nla'l"x. . a:"n‘la;",‘l.. a,""k
+bza’l"x... a’i"a‘za;,"l" . .a;‘x.f....

=hpithmat o,
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where h,,_, is the first term and h,, -, is the sum of the second and third terms, and
so on. It is evident that the h,._; are of the form required.

RemMark. This lemma shows that condition (L) is invariant under an arbitrary
permutation of the 4.

LemMa 3.2. Suppose |A:(x,t, €)= Ax(x, 1, €)| = € for some € >0, for [¢]=1.

1

Then for any operator g(x,t,D.,D,)E L., we can find c,,¢c,, N € L] such that
€101+ ¢rd,= g(x, t, Dx, D,)"' N(x, t, D,).

Proor. g is of the form g(x,t,D,,D,)=a(x,t,D,)D, - b(x,t,D,), where
a €L and b € L;. Hence, to find ¢, and c,, we have to solve the following
system of pseudo-differential equations (N will turn out to be some lower order
term which appears when we solve the system):

(D, — Ai(x,t, D)) + ¢ D, — Ax{x,1,D,))=aD, — b.
This implies that
ci(x, t, D)+ cox,t,D,) = a(x,t,D,)
and

C](x, t, Dx)/\l(xy t’ Dx) + CZ(x’ t9 Dx) )‘2(x7 t’ Dx) = b(x, t’ Dx )~

Using elliptic theory, we can solve this system for ¢; and ¢,, modulo lower order
terms which belong to L, since the matrix

(M(XT t€) Az(J: & )>

is non-singular for | £ | = 1; this completes the proof.

ProposITION 3.3. Suppose A(x,t, &) is real for (x,t, &) € QX R"\{0}, where
Q={(x,t):|x|SF, 0St=T}. For every real s, there exists a constant C(s)
independent of u such that

G.1) luC-, ). = C)T [ ow(-, ).

if u(x,0)=0, where C(s) T<1 if T is small enough.
ProoFr.

(32) %(u, u), = 2Re (u, u)..
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Let du = Du — A;(x,t, D, )u = v. Then Du = v + Au. Hence u, = iv + iAu, since
D, =(1/i)d/ds. Substituting into (3.2), we have

d_dt(u’ u); = 2Re(iv + iAu, u),

=2Re(iv, u), + 2Re (iAu, u),;

2Ref(idu, u), = (i[A — A*]u, u),, where A * is the formal adjoint of A with respect
to the inner product. Since the symbol of A is real, A differs from A* by an
operator of order zero. Hence

G[A = A*uu), =Cillulf.

This implies that

d—dt(u,u)s <2Re(iv,u), + Cllulf.

Applying Cauchy’s inequality,
2Re(iv,u), =Cllulfv]s.

Hence

d 2
(3.3) WU =Clluli+Cloll ful.
Multiplying (3.3) by (T — 1) and integrating, we have

(3.4) j ,T lulpdi = CT j u Bt + cr[ J Nulp dt] [ f o ar)

from which it follows that for T small, |Ju |, = CT || v |, where C is a function of
s alone. Hence, ||u ||, = CT || du ||, where CT <1 for T small enough.
4. Proof of Theorem 1

The basic step in the proof of Theorem 1 is proving the following energy
estimate.

PropPOSITION 4.1. Let the hypotheses of Theorem 1 hold. Then there is a
constant C independent of u such that for T and r sufficiently small, we have

1 «
LS Ipoul.=clpul,
jafsim—1
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for u € C5(Q), where Q={(x,1):|x|=r, 0=t=T}, if Diu(x,t)]==0, for
j=0,---,m—-1.

REMARK. Proposition 4.1 remains true if P, which is a partial differential
operator here (as in Theorem 1), is replaced by an operator, differential in ¢ and
pseudodifferential in x. It is with P in this form that Proposition 4.1 is used later
in proving the sufficiency part of Theorem 2.

Before we prove Proposition 4.1, we first present two lemmas which will help
simplify its proof.

LemMA. 4.2. Lets, s’ be two real numbers such that s' < s, — n/2 =s. Then to
every ¢ >0 there is a number n >0 such that if the diameter of a compact set K is
=1, we have for all u e H(K), |u, S e u]

Proor. See F. Tréves (theorem 0.41 in [17]).

CoroLLARY 4.3. For r sufficiently small, it suffices to prove in Proposition 4.1
that

l m-1 =<
ZID" ], s ) Pu,

LeMmA. 44, Let R(x,t,D,,D,) be an operator of order less than m. If
Proposition 4.1 holds for P, it will still be true if P is replaced by P + R.

Proor. Since

I Pull, = (P + Rju ||, + || Ru

s

S|P+ Rul+C S [Dul,

then

1 -
(4.1) T, 1;-1 ID“ull, = C||(P + R)u

+C 3 Ipul.

Since T < 1/C for T sufficiently small, we can absorb the second term of the
right-hand side (r.h.s.) of (4.1) into the left-hand side (Lh.s.) and get
L 3 IDul.sClP+Rul.
T]a1§m—1
Proor oF ProrosiTioN 4.1.  Invoking Corollary 4.3 and Lemma 4.4, it suffices
to prove the following:
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. | -
(4.2) TP ull, = C{1 |,

where I, =8 -+ 0m 0 =D,— Ai(x,t,D.), and |A(x,,£)— A (x, 1, €)= e If
m =1, (4.2) holds because of Proposition 3.3.

Now assume the theorem is true for m = 1. We will prove that it is then true
for m + 1. We have, by the induction hypothesis,

1 m—1
(4.3) FID ™7 @mestt) | = C @1 00) (Omert)
and

1 m—
(44) 1D @)l = C (31~ dm-10mes) (Bat) 1

since the operator 9, - * dm-1dm+1 is of the same form as 9, - - dm. Now,
81"'3m+1=-31"'3m—1am+1am +h,

where h € L7, Combining this with (4.4) we have

1 m—
D" @ntt) s =191+ - Omrts = bt

45
“.5) <C|d,- - dmnrtt | + C|D™u .

Adding (4.3) and (4.5) yields

(4.6) T( D" (3u)s + | D" (Gmerts)

D=Clos- - dpu ], + C| D u .
We will now show that (4.6) implies the following estimate:

@7) 715, (D"u)

s+ 6n (D" W) )= C 3y mau | + C D u ],

Indeed, by Proposition 3.3,

.8) % D™

, = CllaD™ " ul).

Since [D™7}, 3;] is an operator of order m — 1, we can show as before that
1 mym- m—

4.9) -7—,||D ‘ul,=Cl|D™ 0w |

Hence combining (4.8) and (4.9) we have
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20| D™ au |, = C[aD™"u ], - G| D™"u], + | D""'u

for some C,. This implies that
2C|D™"ul|,=zC|llaD™ ul,

and (4.7) follows easily. (4.7) implies that
%“ (adm + b3ms) D™ Uy = C |31+ Fmertt ||

for any a,b € L}. After applying Lemma 3.2, the following estimate follows
easily:

" 1 m—
|D"u . = 2| DD u)|s = Clld: - dmerie

+
T
Hence (4.2) holds for all m and the proof is complete.

ProOF OF THEOREM 1. Proving that the Cauchy problem is well-posed by
utilizing an energy estimate is standard. Among other places, a proof can be
found in Zeman [19].

5. Sufficiency of condition (L)

We will show that condition (L) is sufficient for the Cauchy problem to be
well-posed by proving an energy estimate. That the Cauchy problem is then
well-posed follows as in the proof of Theorem 1.

ProprosITION 3. Suppose t = 0 is non-characteristic with respect to P, a partial
differential operator with characteristics of constant multiplicity. Suppose condition
(L) holds. Then there is a constant C independent of u such that for T and 7
sufficiently small, we have

5.1 (7) 2 _1pul.=ClPul,

lafsm

for u € C3(Q), where Q={(x,1):|x|=F;0=t =T}, if Diu(x,t)]i-o=0, for j =
0,- -+, m — 1. rrepresents here the maximum multiplicity of the characteristics of P.

Proor. Recall that I, =II?.,,d% & = D.— Ai(x,t,D,), r=maxr, and
Z¢_.r. = m After a permutation, if necessary, we may assume that n=r,=--- =
r,. Let

P ry p-l ra=ry p-k LT
I, = (ll ap—i+l) (1;11 ap~i+1) e (I:I 3p—i+l) U (3‘,)',—',-1-
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Then I1) is a product of r operators, each of the form I13. Hence II,=
PP, - P,, where each P, is of the form I13; of order m,, with m,+ m,+-- -+
m, = m. More specifically, if r, =r,_, = --- = r,.1>r, then, for instance, P, =
723" 3,-:+1. Note that each P,, satisfies the conditions of Theorem 1. Hence we
can apply Proposition 4.1 to each of the P,,:

1~ m
(2 TID™u |, = C|| Puu |l
This implies that

FID™ B+ Pt |, S Cl Py Pt ]
We will now commute D™ ! with P,,:

Dm‘_Iszpma"'Pmr=szDml-Ing"'Pmp+[DMI_1;Pm2]Pm3”'Pmr’

where [D™, P,.,] = q, an operator of order m,+ m,— 2. Applying Proposition
4.1 again, we have

%u D", o Pt < C || Pas(D™ Py -+ Pott) |
This implies that
%u D™*"2P, e Pott |l = C || D™ PoyPoy- - Poth — Py~ - Pt |l
(5.3) < C|D™ Py, - Puude + C|D™*™2P, - - - Pout .

Since 1/T > C for T sufficiently small, we can absorb the second term of the
r.h.s. of (5.3) into the Lh.s. and we have

LD By, Pt S C D™ PPy <+ Pt
This implies that
<_1_>2“Dm1+m2—2p P u “ =C (_1_) "D"'rlp P u ”
T mj m, s = 1 T my m,! 5

5.4) SEC||Puy -+ Pou s

We keep going in this manner, peeling off the P,, one by one until we exhaust
them and get
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o S0

j=1

Dm+ +m—j 1’[ P u

i=j+1

= C|tyul.,

where the order of the operator in the Lh.s. of (5.5)isequaltom,+-- -+ m; —j +
(mjs+---+m)=m-—j. Set ; =m,+---+m; —j. Then (5.5) becomes

(5.6) " D% ] Pnu
AL

I

= C||u .
We will show that (5.6) implies that

o R

=C|1u |
Before we do this, we will first show how Proposition 5.1 follows. By Lemma 3.1,
= l—Im +gm—l+gm—2+ Y
where g,._; satisfies condition (L). Hence,
P=1II,.+ (P'—1“ gm-1)+(PL—z— gm*2)+ T

where P,._; — g._; satisfies condition (L). Thus (5.7) implies that

“ D a[' —1]

5

(5.8) .
= C||Pufl+ CX N (Poi = gm-)ut |

Since by condition (L), P, — gm-; is of the same form as the operator in the
L.h.s. of (5.8), we can absorb the second term of the r.h.s. of (5.8) into the Lh.s.
and get

(5.9) ' (%)" D'zﬂ 3ty

i=1

=C|Pul.
When j=r, D17, 3V"/ly = D™ 'u, and (5.9) yields

1 ’ m-—r
(T) 1D™"u |,

So, what is left is to show how (5.7) follows from (5.6). To prove (5.7) it suffices to
show that

= C|Pul.

= C ” D"A P,,,iu

(5.10), ” D* f[ gy

s

for0=sl=r-1.
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We prove (5.10), by a backwards induction on /. First, the same argument used
to prove (5.6) shows that

(5.11) ” py [

j= H-l

=c(£) 10" [T P

i=l+1

foreach [, 0=si=r—-1.If I=r—1, (5.11) becomes

(o xcls) o

which is (5.10),-,. Now suppose (5.10), is true; we will show that (5.10),-, is also
true. (5.11) implies that

(5.12) (—;:)l”D]?[] Pout

-1 r
< ()" [o11 s
s T i=i s

It can be seen easily that we can rearrange the 4, in Il;-..; P., to get, modulo
lower order terms, IIf_, %79 Thus,

oty
i=1

where Mu are the lower order terms which arise from the rearrangement.

= ’ D[] P.u+Mu
s i=l+1

s

Hence

(5.13) (-;—)'"D[E! iy " = l D‘l P,,.,u (;)' | Miu .
By the induction hypothesis, we have

(5.14) /=:+1 "D‘iIE[ oyl = C ' D" P,u

Adding (5.13) and (5.14) we then have

Bilfr

<c HD" [[ Puu

s

(5.15) +»c<%> I M .

Comparing this with (5.12), we see that

lD ﬁ oV Ny

i=1

b
s

= c l D [ Pou
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which is (5.10),-,. Hence (5.10), is true for all [ and the proof is complete.

ReMark. Examining estimate (5.9) more closely, we see that under
condition (L),

(5.16) f}( )||P s = C T |

j=1

Now, (5.16) implies that
(.17) 2 1P fls = & [ Tt |,

where ¢ is as small as we like if we take T small enough. On the other hand,
since (5.17) leads to the well-posedness of the Cauchy problem for operator P,
once we show that condition (L) is necessary for the Cauchy problem to be
well-posed, we will arrive at the conclusion that estimate (5.17) holds only under
condition (L). We thus have another criterion for hyperbolicity, namely, that P is
hyperbolic if and only if it is dominated by its ‘“modified”” principal part Il,. in
the sense of (5.17). This generalizes the domination condition formulated by
Hormander for operators with constant coefficients. (See Hormander [4],
theorem 5.58.) Related results were presented by L. Svensson [16].

6. Necessity of condition (L)

Rather than proving directly that condition (L) is necessary for the Cauchy
problem to be well-posed, we will show instead that condition (L) is equivalent
to another condition originally formulated by H. Flaschka and G. Strang [2]
which they showed to be necessary. In the process, we will formulate another
condition which is a generalization of a condition proved by S. Mizohata and Y.
Ohya [13], [14] to be both necessary and sufficient for hyperbolicity in the
restricted case where the multiplicity of the characteristics is at most two. We
will show the equivalence of all three conditions.

First we need some preliminary steps. Denote by 4, 3 = D, — Ai(x,t, D),
1=<i=m, where X; €L! is arbitrary. o=1]. We have the following lemma,
which shows how the 3; can be utilized as directional derivatives.

LemMA 6.1, (a). For j =0 there exist a,(x,t,D.)E L such that
- e j i
8,-3,-_1 e gy = 2 ai(x, t, DX)DI,—'+ Tl,
i=o

where T, represents the lower order terms; i.e. Ty = Z{ici(x,t, D,)D{™"", order

G =i
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(b) Conversely, there exist bi(x,t,D.) € L such that
i - -
= z b.-(x, t, D,‘) 0j—i0j—i—1° " * 0o+ T>,
i=0

where T, =220 (%, 4,D,) ;18 ;-i_2" * - do, order d, <i.
COROLLARY 6.2. For every operator G € L%, there exists ci(x,t,D,) € L such
that
k el - -
G= 2 c.»(x, t, Dx) Ok-i@i—i-1*** 3o+ T,
i=0
for some operator TELY;'. (More precisely, T has the form T=
i ae (%8, D)ok i-10ki2- ao, order e, = i).

Proor. Lemma 6.1 is proved easily by induction on j. Its proof as well as that
of Corollary 6.2 are left to the reader.

We are now ready to state the condition which will generalize that formulated
by Mizohata and Ohya. Recall that our operator P is of the form

P=I,+P., +P,,+---, where H,.,=IEI¢?{'
i=1

As in the proof of Proposition 3, we consider the operator
L4 7t Ll ™0 bk k+1" "k
= (H 3p_i+1> (H ap_Hl) - (I_I ap_‘_+l> e (8,) s
i=1

i=1 i=1

i, = PP, - P,, where each P,, is of the form I19; of order m;, r = maxr, =
r,. Note that in particular m, = p.

We now introduce the following operators which will serve as a basis for the
lower order terms we allow:

As=1, A:‘:ap, Ag:apap-b T

k k _
Am,‘ﬂ a3 ap 1* p M+l = thn Anuu,x*rl - P"‘k+laP7

Feos2= P80, o, Abomeis= PocoiPonssy " *
K ritmazttm = P oiPrgsat " Py 0
:"‘k+1+’"k*2+"'+mr+mk = Pmk+1Pmk+2 tte Pmeru ttr,

Aoy =AY o= A vtm iy rmgtsmz = Pomgar® " " P " * * Pongy

k —_— k k — k
Am—p+l = Am—mlapy tt Ty Am—i— Am—mlapap—l' :c ap——j+l-
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By Corollary 6.2, there exist operators C%_,_;€ L7 “7 such that

m-—k
P (x,t,D,D,)= Chowi(x, t, DYAL, k=1,2,---r—1.

J=

We are now ready to formulate the condition:
Condition (M)

k —
m—k-j = O’

jk=0917”',mk+1+"'+my_1.

ExampLE. If the multiplicity of the characteristics is at most two, r = 2.
Hence under condition (M) we need only put a restriction on P,_,. Now suppose
I, =175, 8T, 8% as in the case considered by Mizohata and Ohya [13], [14].
Then by our notation,

I, =(8,0,-1" " 910m-sBmes—1"* " B521) (8:05=1" * * 81) = Ppa\Pres,
where m;=m — s and m, = s. The basis for P ., is:
As=1, Al=38, 085=090,-1, -+, Ay=20s -0y,
1= 001 018y vy A= 300319 B10ms " Bura

Then by Corollary 6.2, there exist Cr—;-; € LY 7" such that
m-—1
P':l—l(x? t’ ny Dt) = 2 C:ﬂ—i—l (x7 Tv DX)A}'
ji=0

Condition (M) then becomes
(6.1) C:”_j_l(x, t,DX)EO, ] =0,"',s—1.

Since in this case there is no condition on the terms of order lower than m — 1,
(6.1) can be weakened to Ch._;-i(x,t,£)=0 for j =0, - -, s — 1. This is precisely
the condition formulated by Mizohata and Ohya.

Finally, let us recount the condition first presented by H. Flaschka and G.
Strang [2], which they proved to be necessary for the Cauchy problem to be
well-posed:

Condition (F). If ¢ is characteristic with respect to a root A; of multiplicity N,
ie. if ¢, = Ai(x, 1,grad,¢), and if f(x,t)€ C~, then

P(fe”)=0(p"™"), as p—.



74 M. ZEMAN Israel J. Math.

We then have the following:

THEOREM 4. The following are equivalent:
(1) Condition (M),
(2) Condition (L),
(3) Condition (F).

CoroLLARY 6.3. Condition (L) is necessary for the Cauchy problem to be
well-posed.

ReMark 1. Combining Proposition 3 and Corollary 6.3, the proof of
Theorem 2 is completed.

REMARK 2. Theorem 4, besides showing the necessity of condition (L) for
hyperbolicity, also proves that condition (F) is sufficient. This has been proved
earlier in a more direct manner by J. Chazarain [1]. In addition, it proves both
the sufficiency and necessity of condition (M).

Proor oF THEOREM 4. Proving that (1) = (2) is easy. This is because each
term

Al
jk=mk+1+"'+m',"',m_k

after a permutation of the 4; in the product, if necessary, satisfies condition (L),
modulo lower order terms. As for the lower order terms arising from the
commutation of the 4, they too satisfy condition (L) because of Lemma 3.1.

(2) = (3) is also straightforward since condition (L) is sufficient for hyperbolic-
ity while condition (F) is necessary.

What remains is to show that (3) = (1). Our proof will follow that given by
Flaschka and Strang in the special case r = 2.

We will compare the two conditions in a particularly suitable coordinate
system. In order to accomplish this, we will need some lemmas first presented by
Flaschka and Strang [2]. We refer the reader to their paper for the proofs.

Lemma 6.4, Let ¢(x, 1) be the characteristic for the root A *(x, t, £) of multiplic-
ity N of P..(x, t, £ 7) and suppose D¢ (x, t) # 0. Under the change of variables

xi=¢(x1),

6.2) xi=x;, jz2,
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an operator P satisfying condition (F) will transform into an operator

P,= P’(x’, t',Dx"Dt’)= z at’*(x,’ t’)Dla

la]=m
in which a,=0 if « >m — N.
Lemma 6.5. Condition (M) is invariant under the change of coordinates (6.2).

Lemma 6.6. Subjected to the transformation (6.2), a characteristic root
A(x,t, &) of P goes over into a characteristic root A'(x',t', £') of P'. The transform
A* of the root A* distinguished in Lemma 6.4 has a finite limit

HmA*(x',t', §'), £1—>
for any other root A’, the limit

. Algxl, tl, gl)
lim n ,
1

E1—> >

is finite.

We now suppose that while

C;—k_j,‘(x, t, D,) :—__0,
jk =O’...,mk+l+...m’_1

and

CE _ii(x,4,D,)=0, Je=0,-- 11,
there does exist a term with

CE c.1(0,0,£°#0, forsome fixed £°# 0,

andsome !l < mgy+---+m,— 1.

This violates condition (M). Rotating coordinates, if necessary, we may
assume that ¢7 # 0. In order to prove that condition (F) is also violated, we need
only exhibit a characteristic function ¢ for which the associated transformation
(6.2) yields an operator P’ which dosen’t have the property required by Lemma
6.4. Since P,,, = II?-* 8., (see Section 5) we choose ¢ to be characteristic for
the root A, with initial values ¢(x,0)= x - £°. The transformation (6.2) then
changes Cf _¢c_i(x, 1 &) into C'E_¢-,(x',t',&'), a homogeneous function of ¢
with the property
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(6.4) Clre-t(x',0,£1,0,---,0)= | &1["*'CF _e-1(x,0,£°)

which does not vanish for x close to 0.
Next, A% (x,t, D,, D,) will transform into an operator with principal symbol

(6.5) AR (x ', € 1) = H ("= A (x, 1, £

fOI‘ t.' < r,‘ - k.
Thus C% _¢_, (x,t,D,) A'f(x, t, D, D,) is changed into an operator with m — kth
order symbol

(6.6) Clri(x/, 1, ENAT(x', 1, £, 7).

Near x'=0, t' =0, by (6.4), C'%_¢_.(x’, 1", £'), grows as fast as (£7)" " As for
A% (x',t', &', '), since t, is less than r, — k = r — k, we see, after applying Lemma
6.6 to (6.5), that A"f grows as fast as (£;)'"% Thus (6.6) grows as fast as
)" s where m-k—Il+l-t,=m-k—-t,>m-k—(r—-k)=m-r.
This surpasses the growth O(£{™7") permitted by Lemma 6.4. It can be seen
easily that the m — k th order terms of II,., as well as the m — k th contribution
from P, k >k (these terms arise since neither II,, nor P/, need be
homogeneous) cannot cancel the influence of term (6.6). (The basic step is seeing
that the terms I1,, and P,,_i, k >k, all have at most the growth O(£i™™).) This
proves that (3) = (1) and completes the proof of Theorem 4.
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